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Abstract 



We study the problem of a charged particle in the presence of a uniform 
r~| ! magnetic field plus a vortex in noncommutative planar space considering the 

two possible non-commutative extensions of the corresponding Hamiltonian, 
namely the "fundamental" and the "antifundamental" representations. Using 
a Fock space formalism we construct eigenfunctions and eigenvalues finding 
I in each case half of the states existing in the ordinary space case. In the limit 

of —> we recover the two classes of states found in ordinary space, relevant 
for the study of anyon physics. 

The Landau and the Aharonov-Bohm problems are the two paradigms of planar 
quantum mechanics of charged particles in a magnetic field Inspired by recent 

observations concerning the relevance of noncommutative geometry for describing 
the Quantum Hall effect P|-[jl2[, both problems have been recently considered in 



noncommutative space. 

Concerning the Landau problem -charged particles in a constant magnetic field- 
it was recently analyzed in noncommutative space in [0-[Jl6l. Related discussions 
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within the framework of the extended Gahlean group were presented in [p]7|-||19||. 
Regarding the Aharonov-Bohm problem -charged particles in the background of a 
vortex- some results in noncommutative space were presented in |2^-[^. 

Adding both magnetic fields, one uniform, the other vortex-like, turns the prob- 
lem even more interesting. To our knowledge this system was first analyzed and 
solved in ordinary space in p3|, in the context of anyon physics, where particles 
with exotic statistic are represented by charges pierced by a magnetic flux. In this 
regard, the problem of two anyons in an external magnetic field is equivalent to that 
of a particle in the presence of an external magnetic field plus a vortex. From the 



approach of one concludes that in ordinary space, the eigenstates and spectrum 
can be found analytically by modifying in a simple but subtle way, the usual Landau 
problem ladder operator formalism. The presence of the vortex manifests itself in a 
way simpler than that of the usual Aharonov-Bohm problem. 

We shall consider here the generalization of this problem to noncommutative 
planar space. Namely, we shall solve the Schrodinger equation for a charged particle 
in the presence of a uniform magnetic field plus a vortex, when space coordinates 
satisfy 

[x\x^] = te . (1) 

It is convenient to introduce complex variables z and z 

z = ^{x' + ix^), z = ^{x'-ix^) (2) 

and, associated to them, annihilation and creation operators a and in the form 

{x^ + ix'^) , = —={x^ — ix'^) , (3) 



/29 V29 
so that dlD becomes 

[a, a^] = l . (4) 

In this way, through the action of on the vacuum state |0), eigenstates of the 
number operator 

N = a^a (5) 

are generated. With this conventions, derivatives in the Fock space are given by 
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Some useful formulae for what follows are 



f{N) = f{q + N)a'^ , (at)" /(TV) = /(TV - q) {a^)' 



a, {a^r\ = P ■ 



As stated above, we shall discuss the quantum mechanics of a particle in the 
background of a constant magnetic field plus a magnetic vortex. For the sake of 
clarity, we first analyze the constant field strength alone and then discuss the effect 
of adding a vortex field. We define the vector potential components 

A = -^{Ai - lA^ , = -^(Ai + tA2) , (8) 

so that the field strength can be written as 

F,,^d,A,-d,A, + ie[A„A,] . (9) 

A constant field strength background is given by 

F,, = . (10) 

Let us now introduce covariant derivatives. In noncommutative space, even for an 
Abelian gauge theory one has the possibility of defining them in "fundamental" and 
"anti- fundamental" representations, 

D^'if = + ieA^^ D^^ = d^"^ + ieA^'^ fundamental 

D^'^ ^ -ie^A^ D^<^ ^ d^^ - ie'^ A^ anti - fundamental . (11) 

There is also the possibility of defining the covariant derivative in the adjoint rep- 
resentation, which will not be considered here. We shall first discuss the case of the 
fundamental representation and then extend the results to the anti-fundamental. 

The Schrodinger equation governing the time evolution of the wave function ^ 
is given by 

where we have defined [/, g\^ — fg-\- gf. Then writing 

* = '^{z,z)exp{-iEt) , (13) 
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one has, for the time-independent Schrodinger equation, 

2m 



(14) 



Let us now construct the angular momentum operator L. To this end, it is useful 
to define the "Eulerian" position operators w and w, related to the "Lagrangian" 
ones {z and z) through 



w = z + ieOAz w = z — ieOA^ . 
Given the angular momentum operator, defined in ordinary space as 

L = zd^- zdg , 



(15) 



(16) 



one can see that in noncommutative space the appropriate L-operator in the presence 
of a constant magnetic field can be written as [p!3|,p4 



2(l-e50^)^^'^J+ 2 
It is important to note that L, as defined in {\L7\ j is the generalization to noncom- 



(17) 



mutative space of the so called "mechanical angular momentum" |25 



It is convenient at this point to introduce two pairs of creation and annihilation 
operators, the noncommutative analogue of those developed for the usual Landau 



problem [|26|,||23| (for the constant magnetic field related discussion in non- 

commutative space is presented in [Q,|T^-[|T^). The actual form of these operators 
depend on the sign of eB^ and, in the present noncommutative case, also on the 
magnitude of eBo9. They are defined as 



Cl 



\eB^\ 



C2 



eB^\ 



di 



where 



w + sgnK\ \k,\D 



K 



w — se-nK \\k\D 



1 - eB^e 
eB^ 



One can verify that with this definition 

[ci, C2] = sgn(e5°) , [di, c/2] = sgn k , [q, dj] = 



(19) 



(20) 



(21) 
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Since 



C2 — c\ , 



d2 = d\ , (22) 



operators Ci and C2 will play, depending on the sign of eB^ and n, the role of creation 
(c^) or annihilation (c) operators and the same occurs for the (ij's. 
In terms of these operators, the Hamiltonian ( |I4D takes the form 



H 

2 



c, 



(23) 



with 

u = ^ . (24) 
m 

Concerning the angular momentum, one has to distinguish two regimes, 

L = sguK (c^c - dU) for 1 - eB^O > , 

L = - {c^c + Sd) for 1 - eB^e < . (25) 

In both cases, one can easily see that 

[i/,L]=0. (26) 

In order to determine the spectrum one has then to find the common eigenfunc- 
tions of H and L, that is, one has to construct the Fock space of c's and (i's. We 
shall now proceed to this construction but for the more general case in which a 
magnetic vortex is added to the constant magnetic field background. That is, we 
shall consider a field strength of the form 

F,, = zi?0-z4|0)(0| . (27) 

Here |0)(0| is the projector onto the state |0) annihilated by operator a defined in 
eq.(|D. One can easily see that in the 6' — ^> limit, the second term in (^Tf ) goes, 
in configuration space, to a delta function corresponding to a singular vortex at the 



origin, with flux related to the real parameter a according to |p7||-||30 

27r 

= 2-Kie TrF;f = —a . (28) 

As in the constant field case, we can introduce operators q and di now taking 
the form 
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c, = ^^D,[A], C2 = j^D,[A] (29) 



di = —^w[A] + sgn^^^J\K\D2[A] , d2 = -^w[A] - sgnK^J\K\D^[A] , (30) 



where k is still given by (pOD (i.e., depending only on the constant part of the 
magnetic field). Concerning the operator algebra, one has, instead of (pl|), 

[ci,C2] = sgn(eS°)-^^|0)(0| , 

= ^g""+ g|ei?o(l-ei?og)| 'Q)^Q' ' 

[c^,d,] = " |0)(0| , (31) 

eB^eJ 1-eBm 



a 

[C2,rf2] = ; |0)(0| 

eB^eJW-eBm 



[Cl,rf2] = [C2,rfi] =0 . (32) 

Note that for those states % such that 

|0)(0|x = 0, (33) 

this algebra coincides with that defined in (pi]). We shall call Vq the subspace of 
states satisfying (|33|). This condition, in the commutative space limit becomes the 



"hard-core condition" since it corresponds to the vanishing of wave functions at the 
origin. Moreover, in the 6' ^ limit , the algebra ( p2D coincides with that obtained 
in (except that in this last reference it is presented in the singular gauge). 

Again, depending on the signs and magnitudes of eB^ and 9 the q's and dj's will 
act as creation or annihilation operators. As in the constant magnetic field case, 
the Hamiltonian H and angular momentum L can be written in the form ( pB]) and 
([T7|) , provided states are restricted to Vq. 



At this point we have to write an explicit expression for the vector potential 
leading to a field strength Fzz as given by (^). One can see that a possible choice 
is 

Az = -^9{N)a^ , A, = -^ci9{N) (34) 
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with 

9{N) = --^[l-^l-eB% + ^^ . (35) 

Here, we have proposed a form which is vahd for l — eB^O > and positive a. Other 
possibihties can be handled similarly. 

Given the Hamiltonian (^) and angular momentum , we shall now construct 
the Fock space associated to the operators Nc = c^c and Nd = Sd. Let us start by 
considering a state x such that 

cx = . (36) 
Then x is an eigenstate of the Hamiltonian 

= |x • (37) 

In order to make x also an eigenstate of L, we propose the following ansatz 

X{a,a^) = a^^'hiN) . (38) 

Note that in the commutative limit a^" can be connected to exp(— myj), an eigen- 
function of the canonical angular momentum with eigenvalue —n. 

One can see that x ^ provided n > 0. Applying L in the form (^), one sees 
that the ansatz is consistent only for < eB^O < 1; we shall study other regimes 
later on. One has, 

Lx = -{n + a)x, < eS°0 < 1 (39) 

where 

One can determine h{N) starting from n = 1. The corresponding x eigenstate will 
be denoted as xoi, 

Xoi = a^hiN) . (41) 

Calling 

= {m\h{N)\m) , (42) 

one finds 

^--{^ iI^^;^r;U '°'r'(^-eB'e)f . (43) 
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We can express eigenfunction (^) in terms of ordinary functions using the connec- 
tion \m){m\ 2(— l)'"Lm(2r^/6') exp(— r^/6'). We can then exphcitly write 

Xoiiz,z) = i=^2(-l)-/i^L^(2rV^)exp(-rV^) . (44) 

A tower of states with increasing energy can be constructed from xoi by acting 
with and S, 

Xki = {c^y {d^)''\oi , l>k . (45) 

Being I > k, one can see that Xki £ Vq. The corresponding energy and angular 
momentum eigenvalues are 

Ek = ^(^ + ^) 

< eB^e < 1 

Lki = (k-l-a) . (46) 
It is not difficult to see that in the commutative {6 — > 0) limit, eigenstate (^4|), and 



consequently all the tower (^51) , coincide with the corresponding "class 11" states 
found in [p^] . 

Inspired by the ordinary space results, one could try to construct a second tower 
of ("class I") states using, instead of (|36D , the condition 

dr] = . (47) 



In contrast with what happens in ordinary space |2^, in noncommutative space one 
finds that there is no solution belonging to Vq in the region < eB^6 < 1. 

Let us now study the region eB'^O < 0. In this case k < and then ci,C2 (and 
also di,d2) interchange their roles of creation and annihilation operators. Now, 
non-trivial solutions rj can be found in this region if one starts from the condition 

dr] = . (48) 

Eigenstates and eigenvalues can be obtained from a state r/io of the form 

Vio = a^f{N) (49) 
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with f{N) given by 



1 T(m + 2 + a) (-efiO^^^+a \ 1/2 



^"^ [27Te{m + l)\T{2 + a){l-eBoer-^-y ' 
The tower of solutions with increasing energy is now given by 

Vki = {c^y ^ {d^)\io , k>l , (51) 

and eigenvalues take the form 

Ek = uj ( k + - — d 



2 



eB^e < 



Lki = (l-k-a) . (52) 
As in the previous case, eigenstates and eigenvalues coincide, in the 9^0 limit 



with those called "class I" in ordinary space p3 . 

We have not found an acceptable ansatz for the eB^6 > 1 region. The problem 
is the following: in order to treat this region, one has to modify the ansatz for the 
vector potential, adding to as given by (H) a term proportional to z (and a term 
proportional to z in A^). Now, with this form for the vector potential, we were not 
able to construct the tower of eigenstates belonging to Vq. It is interesting to note 
that this region does not exist in the commutative 6' — > limit. 

The discussion above corresponds to the fundamental representation as defined 
by (|11|). The analysis for the anti-fundamental representation follows the same steps. 
One defines operators Cj and di as in (p9D -(|30D but with the covariant position and 
derivative operators in the anti-fundamental, according to (pH]). Again, we have to 
restrict states to a subspace Vq such that, on it, the operator algebra reduces to the 
canonical one, eg. (pT]) . The condition on states reads now 

xePo-*x|o)(o| = o, . (53) 

One finds for the lowest state 

Xoi = s{N)a . (54) 
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with s{N) adjusted so that cxoi = 0. From this state, one construct a tower of 
states through 



Xkl 



(ct) (d^) xoi, l>k 



Ek = u{k + \] 0< eB^e < 1 



2. 

Lki = -{k-l-a) . (55) 



Analogously, from 



one has 



r?io = t{N)a , (56) 



(ct)'"'(t;t)'r^io, k>l 



Vki 



Ek = uik + l-a] eB^'e < 



2 

Lki = -{l-k~a) . (57) 

Note that these results coincide with those for the fundamental representation except 
for the sign in the angular momentum eigenvalues. 

It is interesting at this point to connect our results with those obtained in or- 
dinary (commutative) space by Johnson and Canright pS] in their discussion of 



the physics of two anyons in a uniform magnetic field. Using the analogue of op- 
erators Cj and rfj, these authors construct two classes of eigenstates, one for which 
the energy does depend on the vortex flux a (class 1) and the other which exhibits 
an a-independent energy (class II). Concerning the angular momentum, the two 
classes have opposite sign eigenvalues. While in the ordinary Landau problem all 
states have energy depending only on the integer Landau index, when particles have 
attached a flux tube of strength a, class I states (which, according to their angular 
momentum eigenvalue circulate in a classically "incorrect" direction) have an energy 
which is shifted by a. 

How this scenario is modified in noncommutative space? Only one class of 
states can be constructed both for the fundamental and the antifundamental rep- 
resentations. Indeed, in the fundamental, for uniform magnetic field in the range 
< eB^ < 1/9, only class II (a-independent energy) states exist while for a range 
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eB^ < the only possible states are class I type with a-dependent energy; concern- 
ing the antifundamental representation, the same phenomenon happens. Now, in 
the commutative limit {6 0) the fundamental representation (with charge e) and 
the anti-fundamental representation (with charge — e) merge, covering the whole 
range of values of eB^ so that we have both classes of solutions in both regions, thus 
recovering Johnson and Canright result. 

We have then solved explicitly the spectrum of a Hamiltonian describing a 
charged particle in the presence of a background magnetic field and a vortex in both, 
the fundamental and the anti-fundamental representations, for the case l—eB^6 > 0. 
We have shown that the "hard-core" condition plays an important role in the se- 
lection of the allowed states, giving only negative (positive) angular momentum 
eigenstates for the fundamental (anti-fundamental) representation. It is well known 
that the issue of hard-core condition is related to the problem of self-adjoint exten- 
sions of the Hamiltonian in commutative space. It would be interesting to explore 
these ideas in the noncommutative setting and to study the connection between the 
parameter 6 and the self-adjoint parameter, both dimensionful. Like in the commu- 
tative space, one would probably need to solve in this case the complete second-order 
Schrodinger differential equation. 

As we mentioned in the introduction, in commutative space the problem of a 
particle on the background of a vortex is equivalent to the two-anyon problem. In 
turn, the problem of ayons can be analyzed as the quantum mechanics of ordinary 
particles interacting with gauge fields whose dynamics is governed by a Chern- 
Simons term [^]-|32|. As far as we know, this line of research has not been yet 
implemented in noncommutative space and it would be worthwhile to advance along 
this line. Also, it would be interesting to analyze this problem within the path- 
integral approach developed in ^ . 

It is not clear if our approach can be extended to the region 1 — eB^O < 0, which 
does not have a commutative limit. We hope to report on these issues elsewhere. 
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